Introduction
Let R be a commutative ring with identity and let dim R denote the Krull dimension of R. Seidenberg investigated dimension theory for polynomial rings and showed that, if dim R = m, then m + 1 dim R[x] 2m + 1 [22, Theorem 2] . Power series, however, are not so well behaved. In 1973, Arnold introduced SFT-rings and showed that, if R is not an SFT-ring, then dim R [[x] ] = ∞ [1] .
The SFT property is a near-Noetherian property that is essential in the development of dimension theory for power series rings. A ring R is called an SFT-ring if, for each ideal I of R, there exist a finitely generated ideal J and a positive integer t depending on I such that J ⊆ I and a t ∈ J for all a ∈ I .
According to Coykendall [7] , dim R [[x] ] can be infinite even if R is a finite-dimensional SFT ring. He An integral domain R is called a pseudo-valuation domain, or, for short, PVD if there exists a valuation overring V of R such that Spec(R) = Spec(V ) [14] . In this case, V is called the associated valuation domain of R and it is uniquely determined as (M : M), where M is the maximal ideal of R. If R = V , then V = (R : M), and R may be recovered from its residue field and V by a pullback construction.
There are two global counterparts of the concept of a PVD [8] . One is a locally pseudo-valuation domain and the other is a globalized pseudo-valuation domain, or, for short, GPVD. The second notion is more interesting to us and is used in this paper. An integral domain R is called a globalized pseudovaluation domain if there exists a Prüfer overring T satisfying the following two conditions:
(1) R ⊆ T is a unibranched extension; (2) there exists a nonzero radical ideal A common to T and R such that each prime ideal of T , respectively R, which contains A is a maximal ideal of T , respectively R.
In this case we see that T is uniquely determined: By definition, the contraction map Spec(T ) → Spec(R) is a homeomorphism, and hence, it induces a 1-1 correspondence between Max(T ) and The answer is known for the two extreme cases, polynomial extensions and power series extensions. Let R be a finite-dimensional GPVD, let T be the associated Prüfer domain, let I = (R : T ), and let S be the set of prime ideals of T containing I . In [6] , Cahen proved that
where d Q denotes the transcendence degree of T /Q over R/(Q ∩ R). In [21] , the present author
In this paper we show the same result holds for R[
]. An important key to the proof is the dimension of the generic fibre of the extension k[
Let k ⊂ K be fields, let k 0 be the maximal separable extension of k in K , and let p denote the characteristic of k if k has nonzero characteristic but set p := 1 if k has characteristic zero. We say that K has finite exponent over k 0 if K p l ⊆ k 0 for some nonnegative integer l.
and hence the generic fibre of the extension
cf. Theorem 2.3.
Our first main result is Theorem 2.9: Let R be an m-dimensional SFT PVD with residue field k and associated valuation domain V with residue field K . (1) If K has finite exponent over k 0 and
Our second main result is that Theorem 2.9 holds more generally; cf. 
We note that there are abundant examples of SFT globalized pseudo-valuation domains with all dimensions for which our theorem holds. In his 1994 article, Facchini showed that there exists an SFT Prüfer domain T with Spec(T ) order-isomorphic to U , for every partially ordered set U that is a Noetherian tree with a unique minimal element [9, Theorem 5.3] . (Actually, Facchini's theorem guarantees the existence of a "generalized Dedekind domain" with the specified prime spectrum [ 
That is, we consider the following pullback diagram:
Then R is a GPVD with associated Prüfer domain T , and, moreover, R is an SFT-ring by [13, Proposition 1.7] . In this way we obtain SFT GPVDs of every dimension.
Throughout the paper, X n = {x 1 , . . . , x n } is a finite, nonempty set of independent indeterminates over the relevant coefficient rings R, and we write . Also, all integral domains considered below are not fields, unless otherwise specified.
Results
We first compute the dimension of generic fibre of the extension k [ X n 
If {x λ } λ∈Λ is an infinite set of indeterminates over R, there are three distinct rings of power series in the set {x λ } λ∈Λ over R. 
is a finitely generated
, and hence it is obvious that the generic fibre of the extension
is a set of
. By replacing the f j 's with x i f j 's if necessary, we may assume that 
We are unable to answer the question. However, we have a negative answer for some mixed
] and its height is 1.
As described in the introduction, every SFT GPVD is obtained from a pullback diagram of the form (1.0). Thus, when we compute the dimension of mixed extensions over an SFT GPVD, the following two results, Theorem 2.5 concerning SFT Prüfer domains and Theorem 2.6 concerning pullbacks, are frequently used along with Theorem 2.3. Then we have
Theorem 2.5. (See [18, Lemma 7 and Theorem 14].) Let D be a finite-dimensional SFT Prüfer domain and let
It is well known that if R is a commutative ring with identity and Q is a prime ideal of [ 
, since the other inequality is clear. We show this by induction on m :
Let s := ht Q and let
. It follows that r n + 1.
We consider the following chain of prime 
). This will complete the proof of item 1. Case 1. P 0 is a maximal ideal of T and ht P 0 = 1. In this case, P 0 = P , and so dim T = ht P = 1. Thus T is a 1-dimensional SFT Prüfer domain, i.e., a Dedekind domain. Since T [X n ]] is a Cohen-Macaulay ring, we have ht
Case 2. P 0 is a maximal ideal of T and ht P 0 > 1. In this case, we have P 0 = P , ht P 0 [X n ]] n + 1 by Theorem 2.5(2), and
by (2.7.1). Therefore,
Case 3. P 0 is not a maximal ideal of T .
Then T /P 0 is a finite-dimensional SFT Prüfer domain such that (Q /P 0 [X n ]]) ∩ (T /P 0 ) = P /P 0 and ht T /P 0 (P /P 0 ) < m. Note also that P /P 0 is a nonmaximal prime ideal of T /P 0 or P /P 0 is a maximal ideal of T /P 0 with ht T /P 0 (P /P 0 ) = dim(T /P 0 ). Thus, by the inductive hypothesis, 
Therefore,
where the second to last inequality follows from Theorem 2.5(2).
Thus, in all of the three cases,
, and so item 1 holds.
For item 2, the inequality ( ) follows from Theorem 2.5(2). We show the reverse inequality. If P is a maximal ideal of T and ht
where the last equality follows from Theorem 2.5(3). This implies that ht P [X n ]] = (ht T P − 1)n + 1, as desired.
Assume now that P is a nonmaximal prime ideal of T . If m = 1, then ht P [X n ]] = n = (ht P )n by Theorem 2.5(2). Thus we may assume that m > 1. We argue as for item 1 with Q = P [X n ]] and we need only consider Case 3. By the inductive hypothesis,
In each of the following cases we show that s = ht P [X n ]] (ht P )n. 
Thus, in each case, s (ht P )n, and so item 2 holds. 2
Next we start to work on the proof of Theorem 2.9, the "local case", in which the overring of the ring R is a valuation domain. It is easy to check that a valuation domain V is an SFT-ring if and only if P = P 2 for each nonzero prime ideal P of V . Recall that a valuation domain V is said to be discrete if each primary ideal of V is a power of its radical. Thus, if V is an SFT valuation domain, then it is discrete by [12 
Thus by (2.8.1) the left inequality of (2.8.0) holds. 
Thus by (2.8.2) the right inequality of (2.8.0) holds. 2
The next theorem is one of our main results, which shows that the bounds given on dim R[ X n ]] in the above lemma are the best possible, and, moreover, there are only two possibilities for dim R[ X n ]]; either the lower bound or the upper bound.
Theorem 2.9. Let R be an m-dimensional SFT pseudo-valuation domain with residue field k, let V be the associated valuation domain with residue field K , and let k 0 be the maximal separable extension of k in K .
Assume that at least one [ 
Proof. Let M be the maximal ideal of R. Since Spec(R) = Spec(V ), M is also a maximal ideal of V .
Consider the following pullback diagram:
where π is the canonical projection and ι is the embedding.
If K has finite exponent over k 0 and
by Theorem 2.5(3). 
Assume that K does not have finite exponent over
Note that R/P is a 1-dimensional SFT PVD with residue field k and V /P is the associated valuation domain with residue field K . Thus we may assume that m = 1. In this case, V is a 1-dimensional discrete valuation domain. 
. Therefore, by the 1-1 order-preserving correspondence mentioned above, ht
Now we consider the "global case", where R is an SFT GPVD with associated Prüfer domain T . As in the local case, we first find a lower bound and an upper bound for the dimension of the mixed extension R[ X n ]]. For that, we need the following technical lemma to ensure that every maximal ideal of maximal height contains some power series variable.
Lemma 2.10. Let T be a finite-dimensional SFT Prüfer domain and let Q be a prime ideal of T
Proof. Recall that, by Theorem 2.
Suppose that there exists a prime ideal P of T [X i ]] properly containing P . Then
is a chain of prime ideals of length
Therefore, x i ∈ P and hence x i ∈ Q . 2
Next we state in the following remark several properties of SFT GPVDs from earlier work:
Remark 2.11. Let R be an SFT GPVD that is not a Prüfer domain, let T be the Prüfer domain associated to R, as described in the introduction, and let I = (R : T ). Then I is a radical ideal common to R and T , and dim(R/I) = dim(T /I) = 0 [20, Lemma 1] . Since R is an SFT-ring, I has only finitely many minimal prime divisors by [4, Proposition 2.1(ii)]. Then, by [13, Proposition 2.6], for each nonmaximal prime ideal P of R, R/P is a GPVD. More precisely, let P be the prime ideal of T such that P ∩ R = P . Then R/P is an SFT GPVD with associated Prüfer domain T /P and (R/P : T /P ) = (I + P )/P (see the proof of [13, Proposition 2.6]).
We establish our setting and notation for most of this section, to be used unless otherwise indicated.
Setting and Notation 2.12. Let R be an m-dimensional SFT GPVD, let T be the SFT Prüfer domain associated to R, and let that R is a GPVD that is not a Prüfer domain. By Theorem 2.6(2), we have
Also, we have
This implies that ht 
Thus by (2.13.1) the left inequality of (2.13.0) holds.
, then x i ∈ Q for some i by Lemma 2.10 and hence
Thus by (2.13.2) the right inequality of (2.13.0) holds. 2
We use induction on dim R to compute the dimension of R[ X n ]] for a finite-dimensional SFT GPVD R. The next proposition is the first step. 
. We consider the following cases for Q and for each case we show ht Q n + 1.
by [13, Proposition 1.7] and Theorem 2.5(3), as desired. 
Consider the following saturated chain of prime ideals of
(2.14.1)
Since T is a 1-dimensional SFT Prüfer domain, it is a Dedekind domain (see [4, p. 900] 
(2.14.2) 
, and hence by [6, Proposition 4] , there exists a prime ideal
Since T is a Dedekind domain, it is a regular ring and hence T [[ X n ]] is also a regular ring by [19, Theorem 19.5] . Therefore, Proof. We use induction on m := dim R. The case m = 1 has been proved in Proposition 2.14. Assume that m > 1 and that the theorem is true for all SFT GPVDs R with dim R < m.
We divide the proof into two parts. Let P be the prime ideal of T such that P ∩ R = P . Then R/P is an SFT GPVD with associated Prüfer domain T /P , (R/P : T /P ) = (I + P )/P , and dim(R/P ) < m by Remark 2.11. Let M be such a maximal ideal of R, let P be a prime ideal of R such that ht(M/P ) = 1, and let P be the prime ideal of T such that P ∩ R = P . Then
by Lemma 2.7(2). SinceR = R/P is a 1-dimensional SFT GPVD with associated Prüfer domainT = T /P and (R :T ) ⊆M = M/P by Remark 2.11, we have that KM = K M , etc., and so the conditions in Part II still hold. Therefore, by Proposition 2.14, dimR [ X n 
